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to the direction P7XPic. A graphical comparison of 
da/dQ, with the data is shown in Fig. l(a)-(e). At 
0= 80°, and kL= 1.054 BeV we find the A0 20% polarized 
in the P7XPx direction, which contradicts the measured 
value of 0.37±0.17 in the P*XP7 direction10 (\a\P 
= 0.23±0.08, and [a|=0.62±0.07).n 

SUMMARY AND CONCLUSIONS 

We have introduced a model for low-energy photo-
production of A particles off protons. We retained only 
the contributions from, the 1-N, 1-K, 1-K*, and p1/2 nu-
cleon resonance intermediate states. The result given by 
(4a) for g2VAx2/47r=5.8 is in acceptable agreement with 
Kanazawa's8 value of 5.0. Reasonable agreement with 
the experimental data for the differential cross sections 
is obtained at most energies. However, we note that our 
fits to the differential cross section have one defect: It 

11 J. W. Cronin and 0 . W. Overseth, in Proceedings of the 1962 
Annual International Conference on High-Energy Physics at CERN 
(CERN, Geneva, 1962), p. 453. 

THE work of Tomonaga, Schwinger, and Feynman 
about 15 years ago led to a milestone in the devel­

opment of quantum field theory: It was finally possible 
to predict observable effects due to radiative corrections. 
The success of their work must be attributed, to a large 
extent, to the extensive use of the invariance properties 
of the theory. For this reason, it seems contradictory to 
observe that this same theory is unable to provide 
gauge-invariant results without explicit help by the 
"better-knowing" theoretician. The present paper is 
intended to remedy this situation. 

The difficulty appears in those calculations which in-
volve|divergent closed loop diagrams. Specifically, the 
closed|loops with two corners lead to a nonvanishing 
photon self-energy and the one with four corners pro-

* This work was supported in part by a grant from the National 
Science Foundation. 

t Present address: Department of Physics, Syracuse University 
Syracuse, New York. 

would appear that a smaller a% at the lower energies and 
slightly higher ax at energies above 1020 MeV would 
improve the fit. The model cannot supply this need 
while keeping the quantities ao and a% reasonable. 

The model has been used to predict differential cross 
sections at three energies for which no data are yet 
available. It has also been used to predict A-polariza-
tion curves at three different energies, with results that 
contradict the datum. If this measured value of the 
polarization is confirmed, then it would be necessary to 
forsake this model. 

It should be remembered that the hyperon poles and 
resonances and the various nucleon resonances have not 
been included in this study. In particular, the /5/2 
nucleon resonance at 1690 MeV, even with its large 
centrifugal barrier, may be instrumental in producing 
large A polarizations. We are, therefore, continuing our 
investigations to assess the effects of such contributions 
on photoproduction and related processes. 

We are most grateful to J. E. Rush for checking some 
of the numerical calculations. 

vides terms to the photon-photon scattering cross sec­
tion which depends on the potentials rather than the 
fields. While a gauge-independent quantum electro­
dynamics, based on field strengths,1 can be formulated 
in a covariant manner2 and would, therefore, avoid this 
difficulty, there is no reason why the usual Schwinger-
Feynman-Dyson formulation should not carry through 
in a gauge-invariant way. Although the fundamental 
equations are gauge invariant, the usual integrations 
result in gauge-dependent terms, so that this invariance 
property must have been lost in the integration process. 

The usual attitude is to consider oneself helpless in 
view of the appearing divergences, which can easily be 
blamed for this difficulty as they have been blamed for 

1 F. J. Belinfante and J. S. Lomont, Phys. Rev. 84, 541 (1951); 
F. J. Belinfante, ibid. 84, 546 (1951). 

2 F . Rohrlich, State University of Iowa Res. Rept. 62-15 
(unpublished); in Proceedings of the Midwest Theory Conference, 
Argonne, 1962 (unpublished). 
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The Feynman-Dyson rules of integration for the scattering matrix elements in perturbation expansion 
have long been known to lead to gauge-variant results in the case of certain closed loop diagrams. It is shown 
that a more careful integration which avoids unjustified interchanges of integrations and limiting processes 
keeps the theory gauge-invariant throughout, without the need of explicit cutoffs or appeal to invariance 
for the specification of undefined integrals. The Feynman-Dyson rules can thus easily be amended to assure 
gauge invariance. 
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all other difficulties in the past. However, the success 
of the theory on this level of development consists in a 
set of rules which specify how to integrate and how to 
renormalize, so as to obtain unambiguous finite results. 
While this is clearly an unsatisfactory state of the theory, 
it would be inadmissible if these rules were faulty. This 
is the motivation of the following remarks. 

We resolve the difficulty by observing that closed 
loops with n>4: corners yield convergent integrals, but 
would still result in gauge-dependent results if the limit 
k —» 0 were interchanged with the integrations, resulting 
in the confluence of singularities. What is done in the 
following pages consists simply in a formal extension of 
the evaluation procedure for convergent loops to the 
divergent integrals of loops of two and four corners. 

THE TWO-CORNER LOOP 

The scattering matrix in perturbation expansion can 
be integrated by use of the Feynman-Dyson rules. These 
differ from ad hoc rules used in specific calculations in 
that they are valid to all orders of the expansion. 

Using these rules the gauge-variant photon self-
energy arises in second order.3 Specifically, the two-
cornered loop yields the symmetric tensor H^ik) in 
momentum space which must be Lorentz invariant as 
well as gauge invariant. These requirements imply, 
according to well-known arguments,3 that H^ik) has 
the form 

Upiv(k)=(klikp-k
2g,v)C(k) (1) 

and that 
l i m f l / ( * ) = 0. (2) 

The diffculty now arises from the integration of 

fi/(*)=-
2a pt+lnP—p-k 

wr8 J [{p-ky+mr\[_f+mi~] 
*P, (3) 

which, apparently, does not lead to the result (2), in 
violation of gauge invariance. 

However, the usual deduction of nM„(0)7^0 from (3) 
is invalid for the following reason. This deduction, as 
usually carried out, involves an unjustified interchange 
of the limit k —» 0 with the p integration. If this inter­
change is carried out a confluence of the poles of the 
integrand results and the integral diverges. On the other 
hand, a more careful evaluation results in the gauge-in­
variant equation (2). This can be seen as follows: 

As is well known, the Feynman contour is equivalent 
to the replacement 

1 
->P- ±nr6(f+m2), 

p2Jrm2—ie p2+m2 

with subsequent integration along the real p° axis. P 

3 J. M. Jauch and F. Rohrlich, The Theory of Photons and Elec­
trons (Addison-Wesley Publishing Company, Inc., Reading, 
Massachusetts, 1955), especially Sec. 9-5. 

indicates the Cauchy principal value. The integral (3) 
then separates into a real and an imaginary part, 

Re l l 
2a r 

/(*)=- P \ d*pd*p' 5(p-p'-k)(p-p'+2ni2) 
7T2 J 

d(p2+m2) d(p,2+m2)-

[- ] p'2-\-m2 p2+m2 

la f 
Imf t / (* ) = + — / dApd*p' d(p-p'-k)(P'P'+2fn2) 

7T3 J 

r 1 * i 
X P P w2d(p2+m2)d(p,2+m2) . 

L p2+m2 p,2+m2 J 

(4) 

(5) 

This imaginary part is known4 to vanish for k = 0. In 
fact, it vanishes whenever k2> — 4w2. 

However, the real part also vanishes when one ob­
serves that 

P f(x)8(x)dx=0, or symbolically P8(x) = 0, (6) 

for all functions f(x) which have at most a simple pole 
at x—0. The Cauchy principal part requires an integral 
over an interval which excludes exactly the nonvanish-
ing contributions of the 5 function. Thus, the limit 
k —> 0 can here even be interchanged with the integra­
tion, resulting in the well defined 

4a r b{p2+m2) 
R e n / ( 0 ) = P \ dAp(p2+2m2) = 0 . (7) 

7r2 J p2-{-m2 

The photon self-energy thus vanishes and the gauge 
invariance requirement (2) is satisfied. 

THE FOUR-CORNER LOOP 

The four-corner loop involves the sum of three 
diagrams.5 The corresponding polarization tensor 
TftvXvik^kski) must be Lorentz invariant and gauge 
invariant. The latter condition requires that the expan­
sion in powers of small k, 

T„X9=T^*(0)+k*k 
d2 

dkad¥ 
pj>\o 

+k*myks-
d*r„,x 

or symbolically,6 

T= T(0)+kkT"(0)+kkkkT""(0)+ • 

+ • (8) 

4 G. Kallen, in Encyclopedia of Physics, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1958), Vol. 6, Part 1, Sec. 29. 

6 J. M, Jauch and F. Rohrlich, Ref. 3, Sec. 13-1. 
6 The odd powers in this expansion are excluded by Lorentz 

invariance. 
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cannot contain terms of lower order than the fourth. 
Thus, T(0) and T"(Q) in (8) must vanish identically. 
This can be proven to be the case5 for the divergent 
quantity T(0), provided one sums over all the diagrams. 
But for r"(0) this cannot be proven without appeal to 
a gauge-invariant cutoff. 

The expression for T^v\a is well known and can be 
written as7 

—2eA f 
= d*pTi[ytlS1R(p)yvS1R(p-k2) 

(2TT)6 J 

Xy\S1R(p-k2-h)y<rS1R(p+k1)li, 
where 

SiR(p) = l/(ip+m) 
and the integration over p is to be carried out along 
the Feynman contour. If, once again, we make the 
replacement 

S1R(p)-^Sp(p)+^iS1(p) (9) 

we find that in the limit ki, #2, h, &4 —> 0 ImT^x, 
X(&i&2&3&4) vanishes, but that the real part contains 

The limit k —> 0 of this expression now poses exactly 
the same problem as the leading term of the six-corner 
loop and can, therefore, be evaluated exactly like T(0). 
In this way we find that 

lim d^dicfT^aikifaMih) = 0. (13) 

Therefore, the expression TpV\9 for the four-corner 
loop can be expressed in a Lorentz invariant and 
gauge invariant manner, provided the integrals are 
evaluated without the unjustified interchange of the 
limit k—>0 with the integrations. We want to stress 
here the important role played by the identity (12) 
in proving gauge invariance of four-cornered loops; 
it is closely related to Ward's identity. 

CONCLUSION 

It is obvious that the above method applies equally 
to loops with n>4: corners. While such loops do not 

7 This is the same expression as Eq. (13.4) of Ref. 3. 

integrals of the type 

/ dtp Tr[7M5p7v5p7x5P7ff5p] (10a) 

and 

(dtp TrCY^xY ATvSiT^i] . (10b) 

Integrals containing both SP and Si will vanish be­
cause of (6). The expressions (10) become infinite if 
we interchange the integration and the limit ki, &2, &3, 
k± —» 0. But they vanish when such an interchange is 
not made, as is the case in (5). This allows us to write 

lim T^^ki^h^Aj^O. (11) 
ki,k2,kz,ki-+0 

This proves that r(0) = 0 for each diagram and not only 
for their sum as in Ref. 6. 

In order to prove that the second term on the right 
side of (8) vanishes, we make use of the identity 

(d/dp„)S(p)=iS(p)yS(p). (12) 

For example, 

yield divergent integrals, they do yield gauge-dependent 
terms unless the integrations are carried out carefully 
as indicated above. 

The usual Feynman-Dyson rules do not specify meth­
ods to handle the product of two or more than two Sm 
functions of the same argument. In momentum space, 
each SiR(p) function has to be integrated along a 
Feynman contour. Confluence of the singularities of 
two different Sm functions before all the integrations 
are carried out leads to gauge-dependent (infinite) 
terms in the 5 matrix. Therefore, we must specify the 
rules in such cases: 

(a) Confluence of singularities of different Sm func­
tions is not permissible until all the integrations have 
been carried out; the interchange of this limiting process 
with the integrations is not correct. 

(b) Principal value integrals involving distributions 
must be carried out consistently according to Eq. (6). 

—2eA f 
dkfdkl"T^=—— / dtp Tr{7,S1R(p)yvS1R(p-k2)yPS1R(p-k2)yxS1R(p-^ 

(27T)6 J 

+ ^ l * ( # ) T A f i ( # - * 2 ) 7 ^ 


